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' ' Abstract. Berikashvili's functor I? defined in terms of twisting cochains is related 

to deformation theory, gauge theory, Chen's formal power series connections, and 

^H ' the master equation in physics. The idea is advertised that some unification and 

•^r ■ understanding of the links between these topics is provided by the notion of twisting 

^ ' cochain and the idea of classifying twisting cochains. 
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Introduction 



In [5], N. Berikashvili introduced the functor V in terms of "twisting elements" or 
(^ . "twisting cochains" in a differential graded algebra. At that time twisting cochains 

^ ! already had a history in topology and differential homological algebra, see e. g. [41] 
(where the terminology "twisting morphism" is used) and the historical references 
G^ ' to the work of E. H. Brown and to the Seminaire Cartan in that paper. With 
hindsight we see that twisting cochains make precise a certain piece of structure 
c5 . discovered by H. Cartan in [10] and [11] which is behind the notion of transgression. 
Berikashvili and his students subsequently studied the functor V further, cf. e. g. 
[6, 7, 36, 44, 45]. In this note we show the connections of this functor with 
various other developments in the literature, in particular with some more recent 
ones related with deformation theory and the master equation. Our survey is far 
from complete at this point, though, and we apologize for all the relevant citations 
which have been omitted. The formal coincidences between the developments we 
will present here are startling and a general theory unifying and explaining them 
satisfactorily as incarnations of the same idea is yet to be found. Our "Leitmotiv" 
is the observation that some such unification and simplification is provided by the 
notion of twisting cochain and by the ideas underlying deformation theory. Indeed 
we will explain below how Berikashvili's functor V may be viewed as a version of 
the deformation functor. 

I am indebted to J. Stasheff for a number of comments. It is a pleasure to 
dedicate this paper to Nodar Berikashvili for his 70'th birthday. 
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2 JOHANNES HUEBSCHMANN 

1. Berikashvili's functor D 

The ground ring will be written R; it is a commutative ring with one. Berikashvili's 
functor V may be described briefly in the following way: Let ^ be a differential 
graded algebra. A homogeneous element r of ^ (necessarily of degree —1) is said 
to be a twisting element or twisting cochain provided it satisfies the equation 



(1.1) Di 



TT, 



where D refers to the differential in A, and where tt is the product in ^ of r 
with itself. Denote the set of twisting elements by T{A). Next let G be the group 
of invertible elements of A^, and define an action of G on T{A), to be written 
{x,y) \-^ X * y, X E G,y E T{A), by means of the formula 

(1.2) X * y = xyx~^ + {Dx)x~^. 

This is well defined, that is, given x EG and y G T{A), x*y satisfies the equation 
(1.1) as well. This is readily seen by a straightforward calculation relying on the 
formulas 

{Dx)x~^ + xDx~'^ = 0, {Dx~^)x + x~'^Dx = 

which, in turn, follow from xx~^ = 1. The set of orbits {T{A))/G is written T^IA) 
and the assignment to A of ^^{A) is a functor from the category of differential 
graded algebras to the category of sets. For later reference, we will say that two 
twisting elements xi,X2 are equivalent provided they lie in the same G-orbit. 

Berikashvili applied this functor V in various situations; here is one example [7]: 
Consider a (Serre) fibration F -^ E ^> B. Let TZYi^F be a free (additive) resolution 
(over the ground ring) of the homology IH^F of the fiber and consider the differential 
(trigraded) algebra 

^ = C*(S,End(7^H,F)) 

with the ordinary cup product as algebra structure. Given a E A, endow Y ~ 
C^B ® ilZYi^F) with the twisted differential determined by a and write Ya for the 
resulting chain complex. Berikashvili proved that the fibration determines an element 
a E A together with a chain equivalence m from Y^ to C^E satisfying the requisite 
compatibility properties in such a way that Ya is a model for the Serre fibration; 
he showed that, furthermore, given an arbitrary element a in the class [a] G T^^A) 
of a G T{A), there is an isomorphism from Ya to Y^ whence there is again a chain 
equivalence m from Ya to C^E such that 1^ is a model for the Serre fibration. The 
class of a in T{A) is called the predifferential of the fibration; it may be shown 
that, in a sense, the predifferential does not depend on the choice of resolution of 
the fibre. The standard filtration of the model Ya induces a spectral sequence which 
is the ordinary Serre spectral sequence of the fibration. There is also a cohomology 
version of the theory. These models have been used, for example, to study the 
section problem for fibrations. When the homology H^F of the fiber is free over 
the ground ring, the model Ya comes down to models of the kind introduced by 
Hirsch [27]. 

Prompted by Halperin-Stasheff [26], Saneblidze [45] created a multiplicative version 
of the functor V over the rationals. To this end, he reworked the functor V with a 
multiplicative resolution of the cohomology of the fibre. He established in particular 
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a multiplicative version of Berikashvili's result, but now for the cochains of a fibre 
space. Still in [45], Saneblidze extended this approach so as to incorporate Hopf 
algebra structures, and he applied this to study the loop space. 

Such a multiplicative resolution of the cohomology was already used by Schlessinger- 
Stasheff [46] for a similar purpose, that is, to study deformations of rational homotopy 
types of spaces and fibrations; we will explain this briefly further below. 

Homological perturbation theory enabled the present author to construct small 
free resolutions by means of appropriate twisting cochains which, in turn, led to 
complete numerical calculations in group cohomology [29], [30], [31] which so far 
cannot be done by other methods. 

2. The deformation equation 

Henceforth we suppose that the ground ring R contains the rationals as a subring. 
The equation (1.1) occurs, perhaps up to a sign, in the literature as deformation 
equation or master equation. More customary is the corresponding Lie algebra 
deformation equation or Lie algebra master equation: As an equation on elements of 
a differential graded Lie algebra £, for an element r of £, the deformation equation 
has the form 

(2.1) Dt=\[t,t] 

(up to sign). In particular, given a cocommutative coaugmented differential graded 
coalgebra C and a differential graded Lie algebra g, £ = Hom(C, g) inherits a 
differential graded Lie algebra structure in the standard way, and an element r 
thereof satisfying (2.1), that is to say, a morphism t:C^>q satisfying (2.1), is 
called a Lie algebra twisting cochain, cf. e. g. [41], [43]. When A is the universal 
(enveloping) differential graded algebra of a general differential graded Lie algebra, 
for an element r of £, the equations (1.1) and (2.1) are manifestly equivalent. 
Inspection shows that, given a differential graded algebra A and a solution r of the 
equation (1.1), the operator d^ on A deflned by 

(2.2) dr{a) = da — ra, a E A, 

yields a new differential graded algebra structure on A. Likewise, given a differential 
graded Lie algebra C and a solution r of the equation (2.1), the operator dr on C 
defined by 

(2.3) dria) = da — [r^a], a E C, 
yields a new differential graded Lie algebra structure on C. 
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3. Gauge theory 

In view of the weU known spectacular resuhs obtained by means of gauge theory 
since the 80's there is no need to comment on the significance of gauge theory here. 
We only reproduce briefly some of the relevant notions and language in order to 
explain how gauge theory relates to Berikashvili's functor. 

From now on the ground ring R is that of the reals or that of the complex 
numbers. Consider the space A{^) of connections on a principal bundle ^: P ^ M 
with structure group G having Lie algebra g. Denote by ad(^) the adjoint bundle; 
this is the bundle over M with fiber g which is associated to ^ via the adjoint 
representation of G on q. The Lie bracket on q induces a graded Lie algebra 
structure on the ad(^)-valued de Rham forms 0*(M, ad(^)). Given a connection 
A and an ad(^)-valued 1-form ry, the sum A + i] is again a connection, and its 
curvature Fa+t] is given by the well known formula 

1 

Fa+^ = Fa + dAV + 2 [^' V] 

where (Ia denotes the operator of covariant derivative of the connection A. In 
particular, A + r] has the same curvature as A if and only if r] satisfies the equation 

(3.1) dAV + l[v,v] = 0, 

often referred to as the Maurer-Cartan equation; notice that this equation for ry 
is equivalent to one of the kind (2.1) for r = —rj. In particular, when A is fiat, 
(0*(M, ad(^)), (iyi) is a differential graded Lie algebra, and A + r] is fiat if and only 
if T] satisfies the equation (3.1). The operator dr on C = (0*(M, ad(^))) given in 
(2.3), where r = — ry, then coincides with the operator dA+r^ of covariant derivative 
for the flat connection A + ry. Moreover, the definition of the operation (1.2) very 
much looks like the operation of the group of gauge transformations on the space 
of connections. Thus, for a general differential graded algebra A, the value T>{A) 
of Berikashvili's functor T) formally looks like a space of gauge equivalence classes 
of fiat connections. 

4. Chen's formal power series connections 

A special case of twisting element or solution of the deformation or master equation 
was introduced by Chen [13]. Chen's formalism involves formal power series. 

We remind the reader that the ground ring is that of the reals or that of 
the complex numbers. In his paper [13], Chen considers the (bi)graded algebra 
n*(M, T[[y]]) of smooth forms on a smooth manifold M with values in the graded 
algebra of non-commutative formal power series T [[]/]] on a graded vector space 
V. In Chen's terminology [13] (1.2), a formal power series connection is a formal 
power series in n*(M, T[[y]]) of (total) degree —1 (the degree being appropriately 
interpreted). The curvature of a formal power series connection uj is, then, by 
definition, the element 

K = du + uAujeVt%M, T[[y]]) 

of degree —2 where d refers to the ordinary de Rham differential and A to the cup 
pairing induced by the multiplication on T[[y]]; notice that 

uAu = ]-[u,u] eO*(M,T[[y]]) 
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where [ , ] denotes the bracket in 0*(M, T[[y]]) induced from the commutator pairing 
T[[V]]®T[[y]] -^ T[[V]] in the ordinary way. In Theorem 1.3 J of [13], Chen proves 
the foUowing: When V is taken to be the desuspension s~^H*(M) of the reduced 
(real) homology H^(M) of M, a splitting of the ordinary de Rham complex 0*(M) 
into a direct sum of H*(M), the coboundaries, and a residual summand W (written 
M in Chen's paper), determines a formal power series connection u G 0*(M, T[[y]]) 
together with a differential d on T[[V]] which turns the latter into a differential 
graded algebra in such a way that 

(4.1) K + ud = 0. 

This formal power series connection lj has a certain uniqueness property. To 
reproduce it, suppose to written in the form to = uJi + uj2 + ■ ■ ■ where, for j > I, 
ujj is the component whose values lie in V®^ . Now uj is uniquely determined by 
the requirement that the constituent ui coincide essentially with the projection of 
0*(M) onto H*(M) (determined by the splitting) and that, for j > 2, the o^j's be 
non-zero at most on the residual summand W of the (chosen) decomposition of 
0*(M). To explain the significance of the identity (4.1), we endow 0*(M, T[[T/]]) 
with the differential D = d ± d (appropriate signs being taken) where d refers to 
the de Rham differential and d to the operator on 0*(M, T[[y]]) induced by that 
on T[[y]] denoted by the same symbol. With this preparation out of the way, the 
identity (4.1) says that the formal power series connection to (or rather its negative, 
in view of our convention) is a solution of the deformation or master equation (1.1), 
where A= (0*(M, T[[y]]), D). Chen goes on to observe that, in fact, when M is 
simply connected, in view of classical algebraic topology results related with the 
cobar construction, (T[[y]],9) is a kind of cobar construction and hence a model 
for the real chains of the loop space of M. 

Chen's construction was reexamined, generalized, and simplified in the framework 
of homological perturbation theory by Gugenheim in [18]; Gugenheim's starting 
point was the observation that Chen's splitting of the ordinary de Rham complex 
quoted above in fact just amounts to a contraction of chain complexes in the sense 
of homological perturbation theory; cf. e. g. [35]. 

Suppose that V is of finite type over the reals (or complex numbers, according to 
the case considered). Appropriately dualized, Chen's notion of formal power series 
connection then fits into the ordinary twisting cochains framework, cf. [20]. Indeed, 
by means of the tensor coalgebra T'^[y*] on the dual V* of V, a formal power 
series connection may then be written as a morphism 

to-.T'iv*] -^n*{M) 

of degree —1 with values in the de Rham algebra 0*(M). In particular, when V is 
taken to be the desuspension s~^H*(M) of the reduced homology H*(M) so that V* 
is the suspension sH*(M) of the reduced cohomology, the tensor coalgebra T'^[y*] 
carries an operator d compatible with the graded coalgebra structure (whose dual 
is the above operator d on T [[]/]]) so that 

T^g[V*] = {T^[V*],6) 



6 JOHANNES HUEBSCHMANN 

is a model for the bar construction on the de Rham algebra 0*M, that is, a model 
for the real cochains on the loop space of M when M is simply connnected; Chen's 
formal power series connection satisfying (4.1) is now precisely a twisting cochain 

w:T^[y*] -^0*(M). 

The operator 5 and formal power series connection uj have been constructed in [20] 
by means of homological perturbation theory. 

5. Deformation theory 

In [24], Hain and Tondeur interpret Chen's notion of formal power series connection 
as the dual of the versal deformation of a trivial connection. There is indeed 
an intimate relationship between Berikashvili's functor, Chen's formal power series 
connections, and deformation theory, in particular the deformation theory of rational 
homotopy types developed by Schlessinger-Stasheff [46]. We now explain briefly some 
of the relevant deformation theory notions. See e. g. [16] for a recent more detailed 
account of deformation theory. 

According to a point of view adopted by Deligne and others, any problem 
in deformation theory is controlled by a differential graded Lie algebra, unique 
up to homotopy equivalence of differential graded Lie algebras, in fact, up to 
L oo -equivalence . 

Let £ be a differential graded Lie algebra, the bracket being written [ , ]: C®C -^ C 
Recall that the assignment 

(5.1) £0 X £-1 -^£-1, (C, a) ^ [C, a] - t?C 

yields an action of Cq on £_i, the latter being viewed as a vector space, by 
infinitesimal affine transformations. When Cq is nilpotent (or more generally, pro- 
nilpotent), the Campbell-Baker-Hausdorff formula turns Cq into a (pro-) nilpotent 
(sometimes Lie) group V having Lie algebra Cq, and the £o-action on £_i integrates 
to an action of F on £_i by affine transformations. 

Let g be a differential graded Lie algebra, the bracket being written [ , ]:g(S>0 -^ 0. 
The usual definition of the functor Defg assigns to a local Artinian algebra A with 
maximal ideal m the set 

(5.2) Def0(^) = {7 G 0_i ® m; d7 + ^[7, 7] = 0}/r^; 

here C = Q®m is the induced differential graded ^-Lie algebra, so that the nilpotent 
Lie algebra Cq = QQ®m acts orv C-i = Q-i®xn infinitesimally, and T-^ is the corre- 
sponding nilpotent group which accordingly acts on £_i by affine transformations. 
The points of Defg(^) are the isomorphism classes of the corresponding Deligne 
groupoid. Two elements 71,72 G g-i ®m are said to be equivalent provided they lie 
in the same r_4-orbit. 

There is a striking similiarity between the functor Defg and Berikashvili's functor 
v. This similiarity is of course not a coincidence: Let C = S^]^[ be the symmetric 
coalgebra with a single cogenerator ^ of degree 0, that is, the symmetric coalgebra 
on a free i?-module with a single basis element ^ of degree 0. As an i?-module. 
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C has free generators ^o = l^^i = ^7 ^2, ^3, • • ■ , with diagonal map A, counit £, and 
coaugmentation map rj being given by 

A^n = Y. ^^ ® ^J' ^(^0) = 1, £(6) = ^(6) = ■ • ■ - 0, 77(1) = ^0 = 1. 

Thus, when t:C ^ R denotes the i?-hnear map which sends ^ to 1 and is zero on 
the other generators of C, the ring Hom(C, R) coincides with the complete local 
ring R[[t]] of formal power series in the variable t, and the ideal consisting of 
the formal power series without constant term is the unique maximal ideal of this 
ring. A twisting cochain t: C ^ q is then precisely a formal deformation in the 
ordinary sense, cf. e. g. [16] for the notion of formal deformation. For example 
when g arises from the Hochschild complex of an algebra B in the usual way, 
the bracket being the Gerstenhaber bracket [15, 16], a twisting cochain t:C^q 
is a formal deformation of B. Furthermore, for a general differential graded Lie 
algebra g, Hom(C, g) inherits a differential graded Lie algebra structure as we have 
already pointed out, and the coaugmentation map rj induces surjective morphism 
?7* of differential graded Lie algebras from Hom(C, g) onto g; thus, writing C'^ for 
the kernel of ry*, we obtain an extension 

0-^C^ -^ Hom(C, g) ^ g -^ 

of differential graded Lie algebras. With respect to the filtration induced from the 
coaugmentation filtration of C, the differential graded Lie algebra C'^' is pronilpotent, 
i. e. an inverse limit of nilpotent Lie algebras. Thus the infinitesimal action of 
Cq on C'^i integrates to an affine action of the corresponding pronilpotent group 
r*-" on C^i- The twisting cochains constitute a subset of C^i, the r*-^-action 
carries twisting cochains to twisting cochains, and the value Defg{A) of the algebra 
A — R[[t]] — Hom(C, R) under the functor Defg is the orbit space of twisting cochains 
under the F'-'-action; thus Defg{A) classifies g- valued twisting cochains defined on 
C. (Technically, one would have to replace the tensor product occurring in (5.2) by 
a completed tensor product when g_i is not finitely generated.) On the other hand, 
we could take the differential graded algebra ^ = Hom(C, t/g), where Uq refers to 
the universal differential graded algebra of g, and apply Berikashvili's functor V to 
it; the resulting object V^A) again classifies twisting cochains defined on C, but 
now with values in all of Ug, and the two notions of equivalence are somewhat 
different since the action of the group F"-" and that of the group of units G in A^ 
are not in an obvious way related. 

Berikashvili's classification procedure, that is, that involving the group of units G in 
A^, provides in fact a classification in terms of homotopy classes of twisting cochains 
with reference to the corresponding notion of homotopy of twisting cochains: More 
precisely, the equation (1.2) says that x provides a homotopy of twisting cochains 
between y and x*y] see e. g. [42] for this notion of homotopy of twisting cochains. 

The standard formal deformation theory classification procedure involves the group 
corresponding to the degree zero Lie algebra constituent and the action thereof on 
the Lie algebra constituent in degree —1, though. Under appropriate circumstances, 
an interpretation of the latter classification in terms of a suitable notion of homotopy 
of twisting cochains (more intricate than the naive notion mentioned above) may be 
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found in [46]. This raises the question whether we can isolate the precise relationship 
between the two classification procedures. The whole discussion is of course valid for 
any cocomplete cocommutative differential graded coalgebra instead of the present 
C. Thus we see that Berikashvili's functor may be viewed as a version of the 
deformation functor. 

We now explain briefiy some of the links between deformation theory and 
homological perturbation theory. Consider a smooth complex manifold M. The 
differential graded Lie algebra C of 9-forms on M with values in the holomorphic 
tangent bundle tm, the differential being the operator 9, controls the deformations 
of the complex structure. This differential graded Lie algebra is called the Kodaira- 
Spencer algebra of M; its cohomology coincides with the sheaf cohomology H*(M, tm) 
of M with values in the holomorphic tangent bundle tm and plainly inherits a graded 
Lie algebra structure. A 1-cochain r] in C determines a new complex structure, that 
is, a new 9-operator, if and only r] satisfies the deformation equation 

dr]+ -[i],?]] =0, 

which, up to sign, is just the equation (2.1). Recall that a complex analytic family 
of complex manifolds over M parametrized by a based open domain {U, a) of C"' 
may be described as a map p:U ^ C-i whose values lie in JF = {?]; dri-\- ^[ry, rj\ = 0} 
and which has the requisite properties so that twisting the complex analytic product 
U X M via p yields a new complex analytic structure on U x M (the latter here being 
viewed as the product of two smooth manifolds only); in particular, the appropriate 
adjoint of p is a smooth section of the smooth vector bundle on U x M arising 
from pulling back the smooth vector bundle underlying £_i via the projection 
U X M -^ M, and p(o) =0. See e. g. [38, 39] for details. In coordinates zi,...,Zn 
on U , p may be written as a power series in these variables with coefficients from 
£_i. This power series being viewed as a formal power series, the requirement 
that the values of p lie in JF is equivalent to the negative of p being a twisting 
cochain 5*^[y] — > £, where V = ToU = C"^ and where iS'^[y] refers to the symmetric 
coalgebra on V. Standard techniques reduce the study of such deformations to 
cohomology classes in H^(M, tm), and such a class y is unobstructed if and only 
if [y,y] is zero where [ , ] refers to the induced graded Lie bracket on H*(M, tm)- 
In particular, according to Tian and Todorov [48,49], for a Calabi-Yau manifold 
M, the graded Lie bracket on H*(M, tm) is zero, and this implies the fact, first 
observed by Bogomolov [8, 9], that the deformations of a Calabi-Yau manifold are 
parametrized by an open subset of H^(M, tm)- 

The 9-forms with values in the non-zero exterior powers of the holomorphic 
tangent bundle, endowed with the Frolicher-Nijenhuis bracket, constitute a differential 
Gerstenhaber algebra (see e. g. [33] for details). The Tian- Todorov Lemma says 
that, when M is a Calabi-Yau manifold, this differential Gerstenhaber algebra 
has a differential Batalin-Vilkovisky algebra structure, the requisite generator being 
induced from a choice of holomorphic volume form. In [1] , Barannikov and Kontsevich 
constructed a formal solution of the master equation for such a differential Batalin- 
Vilkovisky algebra. By means of this formal solution, they endowed the extended 
moduli space of complex structures with a formal Frobenius manifold structure. 
This development, in turn, was prompted by the mirror conjecture, cf. [50]. See 
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e. g. [40] for more details on Frobenius manifolds. A purely formal approach which 
explains the requisite differential Batalin-Vilkovisky algebra structures in terms of 
duality for Lie-Rinehart algebras may be found in [33] which also contains more 
references; some comments about the origin of Batalin-Vilkovisky algebras and their 
relevance in physics will be given in the next section. In [35], formal solutions of 
the master equation have been obtained much more generally by the methods of 
homological perturbation theory. For related constructions of twisting cochains see 
[22], [28] (2.11), [42] (2.2). The approach in [35] covers also the requisite twisting 
cochains needed for the deformation theory of rational homotopy types and rational 
fibrations and for the corresponding classification theory developed by Schlessinger 
and Stasheff in [46]. In Section 7 below we will briefly indicate how this relates to 
the functor V. For details and history on homological perturbation theory see e. g. 
[34]. 

6. The master equation in physics 

In a series of seminal papers [2], [3], [4], Batalin and Vilkovisky studied the quan- 
tization of constrained systems and for that purpose introduced certain differential 
graded algebras which have later been named Batalin-Vilkovisky algebras. Batalin- 
Vilkovisky algebras have recently become important in string theory and elsewhere, 
cf. e. g. [1], [32], [35], [40], [47]. String theory leads to the mysterious mirror 
conjecture, see e. g. [50]. In this context, the quantum Batalin-Vilkovisky master 
equation has the form of the Maurer-Cartan equation for a flat connection while the 
classical version has the form of the integrability condition of deformation theory. 
See [47] for more details and references. 

7. Concluding remarks 

We have seen that Berikashvili's functor may be viewed as a version of the deformation 
functor, and that (formal) deformations may be viewed as twisting cochains deflned 
on coaugmented cocommutative differential graded coalgebras. Chen's formal power 
series connections are also subsumed under the notion of twisting cochain, and 
the curvature of a Chen formal power series connection being zero amounts to 
the corresponding master equation being satisfled. Thus, when twisting cochains 
deflned on not necessarily cocommutative coalgebras are viewed as non-commutative 
generalizations of deformations, we can perhaps give a meaning to the point of view 
of Hain and Tondeur that Chen's construction of formal power series connection 
should be viewed as the versal deformation of something (or the dual thereof). 

In the same rite, the deformation theory for rational homotopy types developed 
by Schlessinger and Stasheff [46] involves as an ingredient the (flltered multiplicative) 
Halperin-Stasheff model [26] for a differential graded commutative algebra and in 
particular the master equation. Saneblidze's multiplicative version of the multiplica- 
tive functor V [45] also relies on the Halperin-Stasheff model and the requisite master 
equation. According to Saneblidze's Theorem 4.8 in [45], under the circumstances of 
that theorem, for appropriate spaces X, the object V^X) introduced there (deflned 
in terms of the corresponding Sullivan-de Rham complex) classifles flber homotopy 
types over X where the homotopy type of the flber is flxed in advance, while 
Schlessinger-Stasheff obtain such a classiflcation in Theorem 9.6 of [46] in terms of 
their moduli space arising from their differential graded Lie algebra. Thus the two 
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classification theories are plainly related, but can we make the relationship precise 
and explicit? Another intriguing observation, which may be found just before The- 
orem 5.5 in [45], is that there the requisite "Hopf predifferential" may be obtained 
as a Chen formal power series connection, in view of what is said in [23]. Thus, 
what is the precise relationship between the multiplicative functor T> and Chen's 
formal power series connections? 

Perhaps some of these questions related with Berikashvili's functor will be answered 
in the future. 
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